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SPECTRUM OF WEIGHTED COMPOSITION
OPERATORS
PART V
SPECTRUM AND ESSENTIAL SPECTRA OF
WEIGHTED ROTATION-LIKE OPERATORS.
ARKADY KITOVER AND MEHMET ORHON
Dedicated to Eric Nordgren and to the memory of Herbert Kamowitz
Abstract. We introduce the class of weighted ”rotation-like” op-
erators and study general properties of essential spectra of such
operators. Then we use this approach to investigate and in some
cases completely describe essential spectra of weighted rotation op-
erators in Banach spaces of measurable and analytic functions.
1. Introduction
This paper is a continuation of the study of the spectrum and the
essential spectra of weighted composition operators undertaken by the
first named author in [23] - [26], see also [1].
To illustrate what the paper is about let us consider the following
example. Let X be a Banach ideal space ( see Definition 2.6 below) of
Lebesgue measurable functions on the unit circle such that L∞ ⊆ X ⊆
L1, and the norm on X is rotation invariant. Consider a non-periodic
rotation of the circle. Let U be the corresponding composition operator
on X and T = wU where w ∈ L∞. Then it follows from the results
in [23] - [25] that the spectrum of T is a connected rotation-invariant
subset of the complex plane, and the essential spectra of the operator
T coincide with its spectrum. Such a simple description of spectra is
due to two circumstances:
(1) Non-periodic rotations are ergodic.
(2) The composition operator U is an invertible isometry on X .
But it is another property of U , not used in [23] - [25], we are especially
interested in here:
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(3) UMzU
−1 = γMz whereMz is the multiplication operator,Mzx(e
iθ) =
eiθx(eiθ), x ∈ X, θ ∈ [0, 2π], |γ| = 1, and γ is not a root of unity.
Property (3) gives the rise to the definition of rotation-like operators
introduced and studied below in Section 3.
The structure of the paper is as follows. In Section 2 we introduce
the notations, recall the basic definitions, and state some known re-
sults needed in the sequel. In Section 3 we introduce the notion of a
”rotation-like” operator and prove some results about the spectrum and
essential spectra of weighted ”rotation-like” operators. In sections 4, 5,
and 6 we discuss the weighted rotations and/or weighted ”rotation-like”
operators acting on Banach ideal spaces, spaces of analytic functions,
and on uniform algebras, respectively, and prove some general results
concerning the essential spectra of such operators. Finally, in Section
7 we apply the results from Sections 3 - 6, as well as from [23] - [26]
to study the essential spectra of weighted ”rotation-like” operators in
various Banach spaces of analytic functions.
It is worth noticing that while weighted rotations have some prop-
erties that greatly simplify the study of their spectra, there are many
instances when our knowledge of these spectra remains, at best, incom-
plete. We highlighted the corresponding questions by putting them as
open problems in the text of the paper.
2. Preliminaries
In the sequel we use the following standard notations
N is the semigroup of all natural numbers.
Z is the ring of all integers.
R is the field of all real numbers.
C is the field of all complex numbers.
T is the unit circle. We use the same notation for the unit circle
considered as a subset of the complex plane and as the group of all
complex numbers with modulus 1.
U is the open unit disc.
D is the closed unit disc.
For any n > 1 we denote by Un, Tn, and Bn the open unit polydisc,
the unit torus, and the open unit ball in Cn, respectively.
All the linear spaces are considered over the field C of complex num-
bers.
Let Ω be an open subset of Cn. We denote by H(Ω) the vector space
of all functions analytic in Ω with the topology of uniform convergence
on compact subsets of Ω.
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The algebra of all bounded linear operators on a Banach space X is
denoted by L(X).
Let A be a commutative unital Banach algebra. We denote by MA
and by ∂A the space of maximal ideals and the Shilov boundary of A,
respectively.
Let E be a set, ϕ : E → E be a bijection, and w be a complex-valued
function on E. Then
ϕn , n ∈ N, is the nth iteration of ϕ,
ϕ0(e) = e, e ∈ E,
ϕ−n, n ∈ N, is the nth iteration of the inverse map ϕ−1,
w0 = 1, wn = w(w ◦ ϕ) . . . (w ◦ ϕn−1), n ∈ N.
Recall that an operator T ∈ L(X) is called semi-Fredholm if its range
R(T ) is closed in X and either dim ker T <∞ or codim R(T ) <∞.
The index of a semi-Fredholm operator T is defined as
ind T = dimker T - codimR(T ).
The subset of L(X) consisting of all semi-Fredholm operators is de-
noted by Φ.
Φ+ = {T ∈ Φ : dim ker T <∞}.
Φ− = {T ∈ Φ : codim R(T ) <∞}.
F = Φ+ ∩ Φ− is the set of all Fredholm operators in L(X).
W = {T ∈ F : ind T = 0} is the set of all Weyl operators in L(X).
Let T be a bounded linear operator on a Banach space X . As usual,
we denote the spectrum of T by σ(T ) and its spectral radius by ρ(T ).
We will consider the following subsets of σ(T ).
σp(T ) = {λ ∈ C : ∃x ∈ X \ {0}, Tx = λx}.
σa.p.(T ) = {λ ∈ C : ∃xn ∈ X, ‖xn‖ = 1, Txn − λxn → 0}.
σr(T ) = σ(T ) \ σa.p.(T ) =
= {λ ∈ σ(T ) : the operator λI − T has the left inverse}.
Remark 2.1. The notations σa.p.(T ) and σr(T ) refer, of course, to the
approximate point spectrum and the residual spectrum of T , respec-
tively. But, because the corresponding definitions vary in the literature,
we prefer to avoid using this terminology.
Following [14] we consider the following spectra of T .
σ1(T ) = {λ ∈ C : λI − T 6∈ Φ} is the semi-Fredholm spectrum of T .
σ2(T ) = {λ ∈ C : λI − T 6∈ Φ+}.
σ3(T ) = {λ ∈ C : λI − T 6∈ F} is the Fredholm spectrum of T .
σ4(T ) = {λ ∈ C : λI − T 6∈ W} is the Weyl spectrum of T .
σ5(T ) = σ(T ) \ {ζ ∈ C : there is a component C of the set C \ σ1(T )
such that ζ ∈ C and the intersection of C with the resolvent set of T
is not empty}.
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It is well known (see e.g. [14]) that the sets σi(T ), i ∈ [1, . . . , 5] are
nonempty closed subsets of σ(T ) and that σi(T ) ⊆ σj(T ), 1 ≤ i < j ≤
5, where all the inclusions can be proper. Nevertheless all the spectral
radii ρi(T ), i = 1, ..., 5 are equal to the same number, ρe(T ), (see [14,
Theorem I.4.10]) which is called the essential spectral radius of T . It is
also known (see [14]) that the spectra σi(T ), i = 1, . . . , 4 are invariant
under compact perturbations, but σ5(T ) in general is not.
We will need two results on semi-Fredholm operators. The first of
them is the following well known lemma (see e.g. [36, Lemma 1] or [10,
Theorems 4.2.1, 4.2.2, and 4.4.1])
Lemma 2.2. Let A,B ∈ Φ and f be a continuous map from [0, 1]
into the Banach algebra L(X) such that f(0) = A, f(1) = B, and
f([0, 1]) ⊂ Φ. Then ind A = ind B.
The second result was proved in [34, Theorem 1]
Theorem 2.3. Let X be a Banach space and T ∈ L(X). Assume that
λ ∈ ∂σ(T ) and that the operator λI − T is semi-Fredholm. Then λ is
a pole of the resolvent of T .
Theorems 2.4 - 2.7 below are corollaries of more general results
proved in [23] - [25].
Theorem 2.4. Let K be a compact Hausdorff space and ϕ be a home-
omorphism of K onto itself. Let w ∈ C(K) and let
(Tf)(k) = w(k)f(ϕ(k)), f ∈ C(K), k ∈ K.
Assume that
(a) The set of all ϕ-periodic points is of first category in K.
(b) There is no open nonempty subset O ofK such that the sets ϕj(O), j ∈
Z are pairwise disjoint (where ϕj means the j-th iteration of ϕ).
Then σ1(T ) = σ(T ) is a rotation invariant subset of the complex
plane.
(c) If additionally K cannot be represented as union of two disjoint
nonempty clopen ϕ-invariant subsets then σ(T ) is connected.
Theorem 2.5. Let A be a unital uniform Banach algebra and U be an
automorphism of A. Let w ∈ A and T = wU . Let ϕ be the homeomor-
phism of MA generated by U . (Notice that ϕ(∂A) = ∂A). The operator
T can be considered as a weighted composition operator on C(MA) and
on C(∂A). Then
(a) σ(T ) = σ(T, C(MA)),
(b) σa.p.(T ) = σa.p.(T, C(∂A)).
Recall the following definition.
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Definition 2.6. A Banach space X is called a Banach ideal space
(see e.g. [20]) if there is a measure space (E, µ) such that X is an
order ideal in the vector lattice L0(E, µ) of all (classes of) µ-measurable
functions on E and the norm on X is a lattice norm compatible with
the order on X , i.e. X is a Banach space with norm ‖ · ‖ such that
x, y ∈ X, |x| ≤ |y| ⇒ ‖x‖ ≤ ‖y‖.
Theorem 2.7. Let K be a compact Hausdorff space and µ be a finite
regular Borel probability measure on K. Let ϕ be a measure preserving
homeomorphism of K onto itself such that µ(Π) = 0 where Π is the set
of all ϕ–periodic points in K. Assume that
(1) X is a Banach ideal space of µ-measurable functions, and
(2) the ideal center Z(X) is isomorphic to L∞(K,µ), and
(3) the composition operator U , Ux = x ◦ ϕ, is bounded on X and
σ(U) ⊆ T.
(In particular, conditions (1) - (3) above are satisfied if X is an inter-
polation space (see e.g. [6]) between L∞(K,µ) and L1(K,µ).)
Let w ∈ L∞(K,µ), and let T be the weighted composition operator,
Tx = w(x ◦ ϕ), x ∈ X.
Then σ1(T ) = σ(T ) and σ(T ) is a rotation invariant subset of the
complex plane.
Moreover, if ϕ is ergodic then the set σ(T ) is connected.
The next theorem provides a formula for the spectral radius of some
weighted composition operators (for the proof see [27]).
Theorem 2.8. Let X be a Banach space and A be a closed unital
commutative subalgebra of L(X). Assume that for every a, b ∈ A
‖ab‖ ≤ C(‖a‖‖bˆ‖∞ + ‖b‖‖aˆ‖∞), (1)
where aˆ is the Gelfand transform of a and ‖aˆ‖∞ is the norm of aˆ in
C(MA).
Let U ∈ L(X) be such that σ(U) ⊆ T and UAU−1 = A. Let ϕ be the
homeomorphism of ∂A generated by the automorphism a→ UaU−1 of
A. Finally, let w ∈ A and T = wU . Then
ρ(T ) = max
µ∈Mϕ
exp
∫
ln |wˆ|dµ, (2)
whereMϕ is the set of all ϕ-invariant regular probability Borel measures
on ∂A.
In the sequel we will often use the following definition.
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Definition 2.9. Let X be a Banach space and T ∈ L(X). Let ε ∈
(0, 1) and n ∈ N. We define the operator Sn(T, ε) as
Sn(T, ε) =
2n∑
j=0
(1− ε)|j−n|T j. (3)
The next lemma follows from (3) by a direct computation.
Lemma 2.10.
(I − T )Sn(T, ε) = (1− ε)nI + ε
n∑
j=1
(1− ε)n−jT j
− ε
n∑
j=1
(1− ε)jT j+n − (1− ε)n+1T 2n+1. (4)
We will conclude this section with a simple but useful lemma (see [23,
Lemma 3.6, p. 643])
Lemma 2.11. Let K be a compact Hausdorff space, ϕ be a homeomor-
phism of K onto itself, and w ∈ C(K). Let T ∈ L(C(K)) be defined
as
(Tf)(k) = w(k)f(ϕ(k)), f ∈ C(K), k ∈ K.
Let λ ∈ C, λ 6= 0. Then λ ∈ σa.p.(T ) if and only if there is a k ∈ K
such that
|wn(k)| ≥ |λ|nˇand |wn(ϕ−n(k))| ≤ |λ|n, n ∈ N. (5)
3. Weighted rotation-like operators and some properties
of their spectra
Definition 3.1. Let X be a Banach space and U be an invertible
element of L(X). We say that U is a rotation-like operator if there is
an A ∈ L(X), A 6= 0, and a γ ∈ T such that γ 6= 1 and UAU−1 = γA.
Remark 3.2. Without the assumption that γ 6= 1 Definition 3.1 be-
comes meaningless: every invertible operator on X would be ”rotation-
like”.
Definition 3.3. Let U be a rotation-like operator on X . Let
A = {A ∈ L(X) \ {0} : ∃γA ∈ T such that UAU−1 = γAA},
∆ = {γA : A ∈ A}.
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It is obvious that A is a multiplicative unital semigroup in L(X) and
that ∆ is a unital semigroup of T. We denote the subgroup of T
generated by ∆ by Γ, i.e.
Γ = {γ, γ¯ : γ ∈ ∆}.
Definition 3.4. Let U be a rotation-like operator. Let W = A′ be
the commutant of A in L(X) and let w ∈ W. We call the operator
T = wU a weighted rotation-like operator.
Theorem 3.5. Let T = wU be a weighted rotation-like operator and
λ ∈ σa.p.(T ). Let A ∈ A. Assume that the operator A is invertible from
the left.
Then, γnAλ ∈ σa.p.(T ), n ∈ Z.
Moreover, if λ ∈ σ2(T ) then γnAλ ∈ σ2(T ), n ∈ Z.
Proof. Let λ ∈ σa.p.(T ) and let xn ∈ X , ‖xn‖ = 1, λxn − Txn → 0.
Then λAxn − ATxn → 0. But
λAxn −ATxn = λAxn − AwUxn = λAxn − wAUxn =
= λAxn − wUU−1AUxn = λAxn − γ¯AwUAxn =
= γ¯A(γAλAxn − TAxn).
Recalling that the operator A is bounded from below we see that γAλ ∈
σa.p.(T ). Hence γ
n
Aλ ∈ σa.p.(T ), n ∈ N. Now, whether γA is a root of
unity or not, the statement that γnAλ ∈ σa.p.(T ), n ∈ Z becomes trivial,
because in the latter case we have λT ⊆ σa.p.(T ).
Assume now that λ ∈ σ2(T ). It is equivalent (see e.g. [6]) to the
existence of a sequence xn ∈ X such that ‖xn‖ = 1, λxn−Txn → 0, and
the sequence xn is singular, i.e. it does not contain a norm convergent
subsequence. By the first part of the proof all we need is to prove that
the sequence Axn is also singular. If not, we can assume without loss
of generality that Axn → y ∈ X . Let S be a left inverse of A. Then
xn = SAxn → Sy, a contradiction. 
Corollary 3.6. Let T be a weighted rotation-like operator. Assume
one of the following conditions.
(1) Every operator from A has a left inverse and the group Γ is of
infinite order.
(2) There is an A ∈ A such that A has a left inverse and γA is not
a root of unity.
Then the sets σ(T ), σa.p.(T ), and σ2(T ) are rotation invariant.
Corollary 3.7. Let T be a weighted rotation-like operator. Assume
one of the following conditions.
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(1) Every operator from A is invertible and the group Γ is of infinite
order.
(2) There is an A ∈ A such that A is invertible and γA is not a
root of unity.
Then the spectrum, σ(T ), the essential spectra σi(T ), i = 1 . . . 5, as
well as σ2(T
′), are rotation invariant.
Proof. The set σ2(T
′) is rotation invariant in virtue of Corollary 3.6
and the fact that if UAU−1 = γAA then U
′A′(U−1)′ = γ¯AA
′.
Next, the relations σ1(T ) = σ2(T ) ∩ σ2(T ′) and σ3(T ) = σ2(T ) ∪
σ2(T
′) show that the sets σ1(T ) and σ3(T ) are rotation invariant.
To prove that σ4(T ) is rotation invariant let λ ∈ σ4(T ) \ σ3(T ), i.e.
the operator λI − T is Fredholm but its index is not equal to 0. Then
σ3(T )∩λT = ∅, i.e. for every ξ ∈ λT the operator ξI−T is Fredholm.
Because the set of Fredholm operators is open in L(X) and the index
of a Fredholm operator is stable under small norm perturbations (see
e.g. [22]) we see that λT ⊆ σ4(T ).
Finally, we can conclude that the set σ5(T ) is rotation invariant based
on its definition and the fact that both σ1(T ) and the resolvent set of
T are rotation invariant. 
The conditions of invertibility or one-sided invertibility we had to
impose in the previous results, are quite heavy and it is desirable to
weaken them. That leads to the following problem.
Problem 3.8. Let T be a weighted rotation-like operator. Assume
one of the following conditions.
(1) The group Γ is of infinite order and for every A ∈ A and every
n ∈ N we have kerAn = 0 (respectively, kerAn = ker (A′)n =
0).
(2) For an A ∈ A such that γA is not a root of unity and for every
n ∈ N we have kerAn = 0 (respectively, kerAn = ker (A′)n =
0).
Is it true that under these assumptions the statement of Theorem 3.5
(respectively, Corollary 3.7) remains correct?
We will now state and prove some partial results we obtained when
trying to solve Problem 3.8.
Lemma 3.9. Let T = wU be a weighted rotation-like operator. Assume
that A ∈ A and γA is not a root of unity. Assume also that there is a
sequence of polynomials {pk} such that
pk(0) = 0 (6)
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and
‖w − pk(A)‖ →
k→∞
0. (7)
Then the sets σ(T ) and σa.p.(T ) are rotation invariant.
Proof. Let λ ∈ σa.p.(T ). Without loss of generality we can assume that
λ 6= 0. Let xn ∈ X , ‖xn‖ = 1, and
Txn − λxn →
n→∞
0. (8)
The proof of Theorem 3.5 shows that it is sufficient to prove that
Axn 9
n→∞
0. Assume to the contrary that Axn →
n→∞
0. Then AUxn =
γ¯AUAxn →
n→∞
0 and conditions (6) and (7) guarantee that wUxn →
n→∞
0,
in contradiction with (8). 
Theorem 3.10. Let T = wU be a weighted rotation-like operator.
Assume the following conditions.
(a) There is an A ∈ A such that γA is not a root of unity.
(b) The weight w belongs to the closure in the operator norm of the
subalgebra generated by A and the identical operator I in L(X).
(c) For any n ∈ N we have kerAn = 0.
(d) σ(U) ⊆ T.
Then the sets σ(T ) and σa.p.(T ) are rotation invariant.
Proof. I. Let us first consider the case when w = p(A) =
∑k
j=0 ajA
j.
If a0 = 0 our statement follows from Lemma 3.9. Therefore, we can
assume without loss of generality that a0 = 1. Let λ ∈ σa.p.(T ). Let
xn ∈ X , ‖xn‖ = 1, and Txn−λxn →
n→∞
0. We claim that if |λ| 6= 1 then
λT ⊆ σ(T ). Indeed, if Axn 6→ 0 then the inclusion λT ⊆ σ(T ) follows
from the proof of Theorem 3.5. If, on the other hand, Axn → 0 then
Uxn − λxn → 0, in contradiction with σ(U) ⊆ T.
Thus, the problem is reduced to the following. Let 1 ∈ σa.p.(T ) and
let 1 be an isolated point in the set |σ(T )| = {|λ| : λ ∈ σ(T )}. Then
we need to prove that T ⊆ σa.p.(T ).
Notice that the set σ(T ) ∩ T is a clopen subset of σ(T ). Let P be
the corresponding spectral projection and PX be the corresponding
nontrivial spectral subspace of T and σ(T |PX) = σ(T )∩T (see e.g. [11,
p. 575]).
Next notice that the space PX is A-invariant. To prove it let x ∈
PX . Then (wU)nAx = λnAA(wU)nx and, because σ(wU |PX) ⊆ T we
have
lim sup
n→∞
‖(wU)nAx‖1/n ≤ 1.
Spectrum of weighted composition operators. V 10
A similar reasoning shows that
lim sup
n→∞
‖(wU)−nAx‖1/n ≤ 1,
and therefore Ax ∈ PX .
Let us denote by T˜ and A˜ the restrictions of, respectively, T and A
on PX . We need to prove that σ(T˜ ) = T. If not, then there is an open
interval I ⊂ T such that the resolvent ρ(ζ, T˜ ) is analytic in (C\T)∪ I.
The formulas
ρ(ζ, T˜ ) =


∞∑
n=0
−ζnT˜−(n+1), if |ζ | < 1;
∞∑
n=0
ζ−(n+1)T˜ n, if |ζ | > 1,
and
T˜ nA˜ = λnAA˜T˜
n, n ∈ Z,
show that for any N ∈ N and for any x ∈ PX the vector function
ρ(ζ, T˜ )A˜Nx is analytic in (C \ T) ∪
N⋃
j=0
λ−jA I. Because λA is not a root
of unity, for any large sufficient N the function ρ(ζ, T˜ )A˜Nx is analytic
in C and therefore A˜N = 0 in contradiction with condition (c).
II. Consider the general case. Let xn ∈ X , ‖xn‖ = 1, and wUxn −
λxn → 0. If Axn 9 0 then λT ⊆ σ(wU); therefore assume that Axn →
0. For any N ∈ N we can find a polynomial pN , pN(x) =
m(N)∑
j=0
aj,Nx
j ,
such that ‖pN(A)U − wU‖ < 1/N . Then lim sup
n→∞
‖a0,NUxn − λxn‖ ≤
1/N , and therefore the sequence |a0,N |, N ∈ N, is bounded. Tak-
ing, if necessary, a subsequence of this sequence we can assume that
lim
N→∞
a0,N = a0 ∈ C, and therefore λ ∈ a0σ(U) = a0T. The proof can
now be finished as in part I. 
The proof of the following theorem is similar to that of Theorem 3.10
and therefore we omit it.
Theorem 3.11. Let T = wU be a weighted rotation-like operator.
Assume the following conditions.
(a) The group Γ is of infinite order.
(b) The operators from A commute.
(c) The weight w is invertible in L(X) and belongs to the closure in the
operator norm of the subalgebra generated by A and the identical
operator I in L(X).
(d) For any A ∈ A we have kerA = 0.
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(e) σ(U) ⊆ T.
Then the set σ(T ) is rotation invariant.
We can relax conditions of Theorem 3.10 but at the price of being
able to prove only a considerably weaker result.
Theorem 3.12. Assume that
(A) T is an invertible weighted rotation-like operator.
(B) For any A ∈ A and for any n ∈ N we have An 6= 0.
(C) The group Γ is of infinite order.
Then there is a real positive number t such that
tT ⊆ σ(T ).
Proof. . First notice that for any A ∈ A we have (wU)A(wU)−1 =
wUAU−1W−1 = wγAAw
−1 = γAA. Therefore, we can assume without
loss of generality that w = I. Assume, contrary to our statement, that
σ(U) does not contain any circle centered at 0. Let R = ρ(U) and r =
1/ρ(U−1). There are an m ∈ N and numbers θj ∈ [0, 2π), j = 1, . . . , m
such that 0 ≤ θj , θj + 2π/m < 2π, and for any j ∈ [0;m− 1] we have
∆j = {ueiθ : rj ≤ u ≤ rj+1, θj+1 ≤ θ ≤ θj + 2π/m} ⊂ C \ σ(U), (5)
where rj = r + j(R− r)/m.
Condition (C) of the theorem guarantees that there are an A ∈ A
and an N ∈ N such that for any j ∈ [0 : m− 1]
{ueiθ : rj ≤ u ≤ rj+1, 0 ≤ θ ≤ 2π} ⊆
N⋃
n=0
γnA∆j . (9)
Fix an arbitrary x ∈ X . The vector valued function R(λ) = (λI −
U)−1x is analytic in the region {λ ∈ C : |λ| > R} and (5) guarantees
that it can be analytically extended on some open neighborhood of
∆m−1. From (1) easily follows that
An(λI − U)−1x = γA(λγAI − U)−1Anx. (10)
Combining (9) and (10) we see that the function (λI − U)MNx is
analytic in the region {λ ∈ C : |λ| > rm−1}. Repeating this argument
we come to the conclusion that the function (λI−U)AmNx is analytic in
C and therefore identically zero. Thus, AmN = 0, a contradiction. 
Next we will discuss some conditions of absence (or presence) of
circular gaps in the spectrum of T .
Theorem 3.13. Let U be a rotation-like operator such that σ(U) ⊆ T.
Let w be an invertible weight such that w ∈ A′′ where A′′ is the
double commutant of A and let T = wU .
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Assume that there is a circular gap in σ(T ), i.e. there is a positive
real number r such that σ(T ) is the union of two nonempty sets, σ1
and σ2, such that σ1 ⊂ {z ∈ C : |z| < r} and σ2 ⊂ {z ∈ C : |z| > r}.
Let X1 and X2 be the corresponding spectral subspaces of T and P1, P2
- the corresponding spectral projections.
Then the projections P1, P2 commute with U and moreover, P1, P2 ∈
A ∩ A′′. 1
Proof. First notice that because UAU−1 = A we have
UA′′U−1 = A′′. (11)
Next, (wU)n = wnU
n, where wn = w(UwU
−1) . . . (Un−1wU−(n−1)).
The conditions of the proposition together with equality (11) guarantee
that the operators U jwU−j, j = 0, 1, . . . , pairwise commute.
Therefore, if x ∈ X1 and n ∈ N, then it is immediate to see that
(wU)nUx = Unw−1U−n(wU)n+1x. (12)
From (12) and from the fact that x ∈ X1 and σ(U) ⊆ T we obtain that
lim
n→∞
‖(wU)nUx‖1/n < r, hence Ux ∈ X1 and UX1 ⊆ X1.
Similarly, for any x ∈ X1 and any n ∈ N we have
(wU)nU−1x = Un−1wU−(n−1)(wU)n−1x,
and therefore U−1X1 ⊆ X1.
By considering the operator (WU)−1 we obtain in the same way that
UX2 ⊆ X2 and U−1X2 ⊆ X2.
Hence, UXi = Xi, i = 1, 2 and therefore U commutes with projec-
tions Pi, i = 1, 2.
Next, let A ∈ A and x ∈ X1. Then (wU)nMx = λnAA(wU)nx
whence Ax ∈ X1 and AX1 ⊆ X1. Similarly we obtain that AX2 ⊆ X2.
Therefore A commutes with the spectral projections Pi, i = 1, 2.
Finally, Let B ∈ M′′. Because the projections Pi, i = 1, 2 commute
with A they commute with B. 
Corollary 3.14. Assume conditions of Theorem 3.13. Assume also
that the either A or A′′ does not contain any idempotent P such that
UPU−1 = P .
Then the set {|λ| : λ ∈ σ(T )} is connected.
If, additionally, the set σ(T ) is rotation invariant then it is either
an annulus or a circle centered at 0.
We finish this section with the discussion of the following question:
is it possible in some cases to extend the result of Theorem 2.8 without
1We do not assume that A is a commutative semigroup.
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assuming condition (1) in the statement of this theorem? At the present
we have only a very limited result related to this problem.
Theorem 3.15. Let U be a rotation-like operator such that σ(U) ⊆ T
and let A ∈ A be such that UAU−1 = γAA, where γA is not a root of
unity. Assume that w = p(A) where p is a polynomial and that w is
invertible in L(X). Assume also that there are sequences {γm;m ∈ N}
and nm ∈ N such that nm ↑ ∞, γm is a primitive nthm root of unity, and
for any positive real number C we have
lim
m→∞
|γm − γA|Cnm = 0. (13)
Then
ρ(wU) = max
µ∈Mϕ
exp
∫
ln |wˆ|dµ
where wˆ is the Gelfand transform of w considered as an element of the
commutative Banach algebra B which is the operator norm closure of
the algebra generated by A and I, ϕ is the homeomorphism of the Shilov
boundary ∂B generated by the automorphism b → UbU−1, b ∈ B, and
Mϕ is the set of all ϕ-invariant regular Borel probability measures on
∂B.
Proof. Let j be the degree of p and let c1, . . . , cj be its roots in C.
Then p(A) = C(c1I − A) . . . (cjI − A). Without loss of generality we
can assume that C = 1. Next,
(wU)nm = p(A)p(γAA) . . . p(γ
nm−1
A A
nm−1)Unm . (14)
If in the right part of (14) we substitute γm for γA the right part
becomes
(cnm1 − Anm) . . . (cnmj − Anm). (15)
Condition (13) together with the condition σ(U) ⊆ T guarantee that
lim
m→∞
‖(wU)nm‖1/nm = lim
m→∞
‖(cnm1 − Anm) . . . (cnmj − Anm)‖1/nm (16)
and
lim
m→∞
‖wˆnm‖1/nm∞ = lim
m→∞
‖(cnm1 − Aˆnm) . . . (cnmj − Aˆnm)‖1/nm∞ . (17)
Because w is invertible and γA is not a root of unity we see that
σ(A) = σ(Aˆ) does not intersect the circles centered at 0 with the radii
|c1|, . . . , |cj|. We have to consider three cases.
(1). ρ(A) < min
k=1,...,j
|ck|. Then
(cnm1 −Anm) . . . (cnmj − Anm) =
j∏
k=1
cnmk +Rm,
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where ‖Rm‖ ≤ dnm
j∏
k=1
|ck|nm for some constant d, 0 < d < 1. There-
fore,
lim
m→∞
‖(cnm1 −Anm) . . . (cnmj −Anm)‖1/nm =
= lim
m→∞
‖(cnm1 − Aˆnm) . . . (cnmj − Aˆnm)‖1/nm∞ =
j∏
k=1
|ck|. (18)
(2). ρ(A) > max
k=1,...,j
|ck|. Then, similarly to case (1) we get
lim
m→∞
‖(cnm1 −Anm) . . . (cnmj −Anm)‖1/nm =
= lim
m→∞
‖(cnm1 − Aˆnm) . . . (cnmj − Aˆnm)‖1/nm∞ = ρ(A)j . (19)
(3). Finally, if we assume that there is a natural l, 1 ≤ l < j, such that
|ck| < ρ(A), 1 ≤ k ≤ l, and |ck| > ρ(A), l < k ≤ j, then
lim
m→∞
‖(cnm1 −Anm) . . . (cnmj −Anm)‖1/nm =
= lim
m→∞
‖(cnm1 − Aˆnm) . . . (cnmj − Aˆnm)‖1/nm∞ = ρ(A)l
j∏
k=l+1
|ck|. (20)
The statement of the theorem follows from (16) - (20). 
Problem 3.16. Will the statement of Theorem 3.15 remain true if we
assume only that γA is not a root of unity and w ∈ B?
4. Weighted rotation operators on Banach ideal spaces
In this subsection we will complement Theorem 2.7 by some results
concerning the spectral radius of weighted composition operators on
Banach ideal spaces. Then we will consider in more details the case of
weighted rotation-like operators acting on Banach ideals of L0(G,m)
where G is a compact abelian group and m is the Haar measure.
In what follows we assume notations and conditions from the state-
ment of Theorem 2.7.
We will also assume temporarily that the homeomorphism ϕ is uniquely
ergodic, i.e. µ is the unique ϕ-invariant regular Borel probability mea-
sure on K.
Let us agree (as it is customary) that if x ∈ L0(K,µ) we will say that
x ∈ C(K), or that x is semicontinuous, et cetera, instead of stating
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more rigorously that x, considered as a class of µ-a.e. coinciding µ-
measurable functions on K, has a representative that is continuous
(respectively, semicontinuous, et cetera) on K.
By Theorem 2.8
ρ(T ) = ρ(|w|) = max
ν∈Mψ
exp
∫
ln |wˆ|dν
where ψ is the homeomorphism of the space of maximal ideals, K,
of the algebra L∞(K,µ) induced by the isomorphism f → UfU−1 of
L∞(K,µ) ≃ C(K) (considered as a closed subalgebra of L(X)), Mψ is
the set of all ψ-invariant regular Borel probability measures on K, and
wˆ is the Gelfand transform of w.
It follows that
̺(T ) = exp
∫
ln |w|dµ ≤ ρ(T ).
On the other hand, applying again Theorem 2.8 we see that if |w| ∈
C(K) then
̺(T ) = ρ(T ). (21)
As the next example shows equality (21) becomes in general false if we
assume only that w ∈ L∞(K,µ).
Example 4.1. Let m be the normalised Lebesgue measure on T. Let
ϕ : T → T be defined as ϕ(t) = αt, where |α| = 1 and α is not a
root of unity. Let E be a nowhere dense closed subset of T such that
m(E) > 0. Notice that for any n ∈ N we have m(T \
n⋃
i=−n
ϕi(E)) > 0.
Let K be the Gelfand compact of the algebra L∞(T, m). For any f ∈
L∞(T, m) let fˆ ∈ C(K) be the Gelfand transform of f . Let Eˆ be the
support of the function χˆE in K. Then Eˆ is a clopen subset of K and
F = K \
∞⋃
i=−∞
ϕi(Eˆ) 6= ∅. Let wˆ ∈ C(K) be such that wˆ ≡ 2 on F and
wˆ ≡ 1 on Eˆ. Let ψ be the homeomorphism of K onto itself generated
by the isomorphism f → f ◦ϕ of L∞(T, m). Notice that ψ(F ) = F and
therefore there exists a ψ-invariant regular probability Borel measure
ν on K such that exp
∫
ln wˆdν = 2. On the other hand, if mˆ is the
functional on C(K) such that mˆ(fˆ) =
∫
fdm then it is immediate that
mˆ is a ϕˆ-invariant regular probability Borel measure on K and that
exp
∫
ln wˆdmˆ < 2. Because m is the only ϕ-invariant probability Borel
measure on T for any w˜ ∈ w we have
̺(T ) = exp
∫
ln wˆdmˆ < 2 = ρ(T ).
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⋆
Nevertheless, the condition |w| ∈ C(K) is not necessary for ̺(T ) =
ρ(T ).
Theorem 4.2. Assume conditions of Theorem 2.7. Assume also that
the map ϕ is uniquely ergodic. Let |w| be an upper semicontinuous
function on K. Then
̺(T ) = ρ(T ).
Proof. Being an upper semicontinuous function |w| is the lower enve-
lope of the set {f ∈ C(K) : |w| ≤ f} (see [7, p.146]), i.e.
∀k ∈ K, |w(k)| = inf{f(k) : f ∈ C(K) : |w| ≤ f}.
It follows that |w| = inf
L0(K,µ)
{f ∈ C(K) : |w| ≤ f}. Consider first the
case when
∫
ln |w|dµ > −∞ i.e. ln |w| ∈ L1(K,µ) For any f ∈ C(K)
such that |w| ≤ f let Tf = fU . Then
ρ(T ) ≤ inf{ρ(Tf ) : f ∈ C(K), |w| ≤ f} = inf{exp
∫
ln fdµ : f ∈ C(K), |w| ≤ f}.
But the functional F (x) =
∫
xdµ is order continuous on L1(K,µ),
hence
inf{exp
∫
ln fdµ : f ∈ C(K), |w| ≤ f} = exp
∫
ln |w|dµ = ̺(T ).
Assume now that
∫
ln |w|dµ = −∞ and for each n ∈ N consider gn =
|w| + 1/n and Tn = gnU . Then by the previous part of the proof we
have
ρ(T ) ≤ ρ(Tn) = exp
∫
ln(|w|+ 1/n)dµ →
n→∞
0.

Corollary 4.3. Assume conditions of Theorem 4.2. Then
(1) If |w| is lower semicontinuous and invertible in L∞(K,µ) then
ρ(T−1) = exp
∫
− ln |w|dµ.
(2) If |w| is µ-Riemann integrable on K 2 then
ρ(T ) = exp
∫
ln |w|dµ.
2The definition of Riemann integrable function on a compact topological space
endowed with a Borel measure can be found in [8, p.130].
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(3) If |w| is µ-Riemann integrable on K and invertible in L∞(K,µ)
then
σ(T ) = ρ(T )T.
Proof. (1) is trivial because if |w| is invertible and lower semicontinuous
then 1/|w| is upper semicontinuous.
(2) and (3) follow from the fact that (see [8]) if |w| is µ-Riemann
integrable then µ-a.e. |w| = g = h where g (respectively, h) is an upper
semicontinuous (respectively, lower semicontinuous) function. 
Recall that a topological group G is called monothetic if there is
g ∈ G such that the subgroup {gn : n ∈ Z} is dense in G. Clearly,
every monothetic group is abelian.
Corollary 4.4. Let G be a compact monothetic Hausdorff 3 topological
group and let h ∈ G be such that cl{hn : n ∈ Z} = G. Let m be the
Haar measure on G. Let ϕ(g) = hg, g ∈ G and let w ∈ L∞(G,m).
Let X be a Banach ideal in L0(G,m) such that the ideal center
Z(X) ∼= L∞(G,m), the composition operator U, Ux = x ◦ ϕ is defined
and bounded on X, and σ(U) ⊆ T. Finally let T = wU ∈ L(X).
Then
(1) σ(T ) = σ1(T ) is a rotation invariant connected subset of C.
(2) If |w| is upper semicontinuous then
ρ(T ) = exp
∫
ln |w|dm.
(3) If |w| is m-Riemann integrable then
σ(T ) = ρ(T )T.
We can prove a result similar to Theorem 4.2 but not involving the
condition that ϕ is uniquely ergodic. Let (K,µ) be a compact Hausdorff
space with a probability Borel measure µ. Let ϕ be a µ-preserving
homeomorphism ofK onto itself and let |w| be an upper semicontinuous
function on K. Because |w| is a bounded Borel function on K the
following expression is well defined
inf
ν∈Mϕ
exp
∫
ln |w|dν, (22)
whereMϕ is the set of all ϕ-invariant regular Borel probability measures
on K.
3The condition that G is Hausdorff is often included in the definition of topological
group.
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Remark 4.5. We need to emphasize that in (22) |w| is considered as
an individual function, not as an element of L0(K,µ). Indeed, changing
values of |w| on a Borel set E such that µ(E) = 0 may change the value
of the expression in (22).
The proof of the next theorem goes along the same lines as that of
Theorem 4.2 and we omit it.
Theorem 4.6. Assume conditions of Theorem 2.7. Assume addition-
ally that |w| coincides µ-a.e. with an upper semicontinuous function
w˜. Then
ρ(T ) = inf
ν∈Mϕ
exp
∫
ln |w˜|dν.
Problem 4.7. Assume conditions of Theorem 2.7. Assume also that
the map ϕ is uniquely ergodic and that ρ(T ) = exp
∫
ln |w|dµ. Is it
true that |w| coincides µ-a.e. with an upper semicontinuous function?
We finish this section with the following variant of Theorem 2.8 which
we will need in the sequel.
Theorem 4.8. Let G be a compact abelian group, h ∈ G, and w ∈
C(G). Let (Tf)(g) = w(g)f(hg), g ∈ G, f ∈ C(G) and for any t ∈ G
let Utf(g) = f(tg), g ∈ G, f ∈ C(G). Let H = cl{hn : n ∈ Z be the
closed subgroup of G generated by h. Let mH be the Haar measure on
H Then
ρ(T ) = max
t∈G
exp
∫
ln |w|d(U ′tmH). (21)
Proof. Assume first that w is invertible in C(G). For any n ∈ N there
is gn ∈ G such that
‖T n‖ = |w(gn)w(hgn) · · ·w(hn−1gn)| = exp
∫
ln |w|dµn,
where µn =
1
n
n−1∑
i=0
(U ih)
′δgn . Notice that µn = U
′
gνn where νn =
1
n
n−1∑
i=0
δhi.
It is immediate to see that νn → mH where convergence is in weak⋆
topology on C(G). Let g be a limit point of the sequence gn in G. Then
for any f ∈ C(G) we have ‖Ugnf − Ugf‖C(G) → 0 and (21) follows.
If w is not invertible in C(G) we will consider operators Tm, (Tmf)(g) =
(|w|+1/m)f(hg) and then apply the first part of the proof and Lebesgue’s
Dominated Convergence Theorem.

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5. General properties of spectra of weighted rotation
operators on spaces of analytic functions
The goal of this section is to describe some general properties of
spectra of weighted rotations operators in Banach spaces of analytic
functions. These properties will be helpful later when we discuss some
concrete Banach spaces of analytic functions.
Theorem 5.1. Let Ω be an open connected subset of Cn and X be a
Banach space such that X ⊂ H(Ω). Assume that dimX = ∞. Let
ϕ be an analytic automorphism of Ω and w ∈ H(Ω), w 6≡ 0. Assume
that the operators Ux = x ◦ϕ and T = wU are defined and bounded on
X. Finally, assume that there are a compact subset K of Ω such that
ϕ(K) = K, and a ϕ-invariant regular Borel probability measure µ on
K such that for any f ∈ H(Ω) we have∫
ln |f(ω)|dµ = −∞ ⇒ f ≡ 0. (23)
Then
(1) {|λ| : λ ∈ σp(T )} is either empty or the singleton {s}, where
s = exp
∫
ln |w|dµ.
(2) σa.p.(T ) \ σ1(T ) ⊂ sT.
(3) If the set {|λ| : λ ∈ σa.p.(T )} is connected and there are no iso-
lated points of σ(T ) on the circle ρ(T )T, then σ1(T ) = σa.p.(T ).
Proof. (1) Let x ∈ X , x 6= 0, λ ∈ C and Tx = λx. We can assume that
λ 6= 0. Indeed, otherwise w ≡ 0. Then∫
ln |w|dµ+
∫
ln |x ◦ ϕ|dµ = ln |λ|+
∫
ln |x|dµ. (24)
Because µ is ϕ-invariant, it follows from (23) and (24) that
|λ| = exp
∫
ln |w|dµ. (25)
(2) Follows from (1) and the fact that σa.p.(T ) \ σ1(T ) ⊂ σp(T ).
(3) If {|λ| : λ ∈ σp(T )} is a closed interval [a, b], 0 ≤ a < b, then the
statement follows from (1) and the fact that IntC(σa.p.(T )\σ1(T )) 6= ∅.
Otherwise |λ| = ρ(T ) and our statement follows from the fact that
σ(T ) does not have isolated points and Theorem 2.3. 
Problem 5.2. Is it possible to dispense with the condition that |σa.p.(T )|
is connected in part (3) of the statement of Theorem 5.1?
There is one special but important case when the answer to Prob-
lem 5.2 is positive.
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Theorem 5.3. Assume conditions of Theorem 5.1. Assume addition-
ally that
(a) For every m ∈ N the dynamical system (K,ϕm) is minimal, i.e.
for every k ∈ K the set {ϕmn(k) : n ∈ N} is dense in K.
(b) For any open nonempty subset O of K we have
µ(O) > 0. (26)
(c) The operator U is a rotation-like operator and for any A ∈ A
(see Definition 3.3), kerA = 0.
Then
(1) For any λ ∈ σp(T ), dimker(λI − T ) = 1.
(2) σ1(T ) = σa.p.(T ).
Proof. (1) It follows immediately from (23), (26), and Baire category
theorem that there is k¯ ∈ K such that for any n ∈ N we have wn(k¯) 6= 0.
Let λ ∈ σp(T ) and x ∈ X , x 6= 0, be such that Tx = λx. Notice that
x(k¯) 6= 0. Indeed, otherwise for any n ∈ N we have x(ϕn(k¯)) = λnx(k¯)
wn(k¯)
=
0, and it follows from the minimality of the system (K,ϕ) and from (23)
that x = 0. Now, if y ∈ X \{0} and Ty = λy then for some c ∈ C\{0}
we have (y − sx)(k¯) = 0 and therefore y = sx.
(2) Assume to the contrary that there is a λ ∈ σa.p.(T ) \ σ1(T ). Then
λ ∈ σp(T ). Let x ∈ X \ {0} be such that Tx = λx, and let A ∈ A be
such that UAU−1 = γA, γ ∈ T, γ 6= 1. Then Ax 6= 0 and
TAx = wUAX = wUAU−1Ux = γwAUx = γATx = γλAx. (27)
We consider two possibilities.
(I) γ is a root of unity. Let q ∈ N, q > 1, and γq = 1. Then it
follows from (27) that T qAx = λx. But then in virtue of minimality of
the system (K,ϕq) and part (1) of the proof we have that Ax = sX ,
s ∈ C \ {0}, a contradiction.
(II) γ is not a root of unity. It follows from (27) that λT ⊆ σa.p.(T ).
Then there is an open subinterval I of λT such that λ ∈ I ⊆ σp(T ).
Let α be a root of unity such that α 6= 1 and αλ ∈ I. It remains to
repeat the argument from part (I) above. 
We proceed with applying Theorems 5.1 and 5.3 to special situations
when Ω is the unit disc U, a polydisc Un, or a unit ball Bn.
Corollary 5.4. Let X be a Banach space of functions analytic in Un.
Let α = (α1, . . . αn) ∈ Tn be such that
αm11 . . . α
mn
n = 1, m1, . . . , mn ∈ Z⇔ mj = 0, j = 1, . . . , n (28)
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and w, w 6≡ 0, be a function analytic in Un. Assume that the operator
T ,
(Tx)(z) = w(z)x(αz), x ∈ X, z ∈ Un,
is defined and bounded on X. Assume additionally that there are j ∈
[1 : n] and k ∈ N such that zkjX ⊂ X. Then
σ1(T ) = σa.p.(T ).
Proof. Fix an r ∈ (0, 1) and let K = rTn and ϕ(z) = αz, z ∈ Un. It
follows from (28) that for any m ∈ N the system (K,ϕm) is minimal.
The measure µ on K is defined in an obvious way: if E is a Borel
subset of K then µ(E) = mn(
1
r
E) where mn is the Haar measure on
Tn. It is immediate to see that all the conditions of Theorem 5.3 are
satisfied. 
Assume conditions of Corollary 5.4 and let λ ∈ σp(T ). It follows from
Theorem 5.3 that dim ker (λI − T ) = 1. Some additional information
about the point spectrum of weighted rotation operators in spaces of
analytic functions is contained in the next corollary.
Corollary 5.5. Let Ω be an open connected rotation invariant subset
of C. Assume also that 0 ∈ Ω and let R be the largest positive number
such that RU ⊆ Ω. Let α ∈ T and let w ∈ H(Ω), w 6≡ 0. Let T be the
weighted rotation operator in H(Ω),
(Tx)(ω) = w(ω)x(αω), x ∈ H(Ω), ω ∈ Ω.
Let λ ∈ σp(T ). Then
(a) w 6= 0 in RU,
(b) λ ∈ {αkw(0) : k = 0, 1, . . .}.
Proof. (a) By (25)
|λ| = exp 1
2π
2π∫
0
ln |w(reiθ)|dθ (29)
for any r ∈ (0, R). If w(0) 6= 0 then it follows from (29) and Jensen’s
formula (see e.g. [2]) that w cannot have zeros in U. Let w(0) = 0.
Then w(z) = zkw1(z) where k ∈ N and w1(0) 6= 0, and therefore
|λ| = exp 1
2π
2π∫
0
ln |w1(reiθ)|dθ + k ln r. (30)
Combining (30), Jensen’s formula for w1, and (25) we come to a con-
tradiction.
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(b) Let x ∈ H(Ω) \ {0} and Tx = λx. If x(0) 6= 0 then it follows
from (a) that λ = w(0). If, on the other hand, w(0) = 0 then for some
k ∈ N, x(z) = zkx1(z) where x1(z) 6= 0. Hence,
(Tx)(z) = αkw(z)zkx1(αz) = λz
kx1(z).
Therefore Tx1 = α¯
kλx1 and λ = α
kw(0). 
We can now prove a result similar to Corollary 5.5 for functions
analytic in a domain in Cn.
Corollary 5.6. Let Ω be an open connected subset of Cn such that 0 ∈
Ω and for any α = (α1, . . . , αn) ∈ Tn and for any z = (z1, . . . , zn) ∈ Ω
we have 4
αz = (α1z1, . . . , αnzn) ∈ Ω.
Let w ∈ H(Ω), w 6≡ 0 and let T be the weighted rotation operator in
H(Ω),
(Tx)(ω) = w(ω)x(αω), x ∈ H(Ω), ω ∈ Ω.
Let λ ∈ σp(T ). Then
(a) w(0) 6= 0,
(b) λ ∈ {αk11 . . . αknn w(0) : kj = 0, 1, . . . , j = 1, . . . , n.}.
Proof. We will prove the corollary by induction. For n = 1 the state-
ment follows from Corollary 5.5. Assume that our claim is true for
n − 1. Let x ∈ H(Ω) \ {0} and Tx = νx. Consider x˜(z2, . . . , zn) =
x(0, z2, . . . , zn. there are two possibilities.
(I). x˜ 6≡ 0. Then it is immediate to see that our claim follows from the
induction assumption.
(II). x˜ ≡ 0. In this case x = zk11 y, k1 ∈ N, and y(0, z2, . . . , zn) 6≡
0. It remains to notice that Ty = α¯k11 νy and apply the induction
assumption. 
It is possible now to improve the result of Corollary 5.4.
Theorem 5.7. Let Ω be an open connected subset of Cn such that
0 ∈ Ω and for any α = (α1, . . . , αn) ∈ Tn, z = (z1, . . . , zn) ∈ Ω we
have
αz = (α1z1, . . . , αnzn) ∈ Ω.
Let us fix α = (α1, . . . αn) ∈ Tn. Assume that there is j ∈ [1 : n] such
that αj is not a root of unity. Let w ∈ H(Ω), w 6≡ 0. Let X be a
Banach space of functions analytic in Ω. Assume that the operator T ,
(Tx)(z) = w(z)x(αz), x ∈ X, z ∈ Ω,
4We do not call Ω rotation invariant because usually this term is reserved for do-
mains invariant under all linear unitary transformations of Cn.
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is defined and bounded on X. Assume additionally that there is k ∈ N
such that zkjX ⊂ X. Then
σ1(T ) = σa.p.(T ).
Proof. Let λ ∈ σa.p.(T ) \ σ1(T ). Then λ ∈ σp(T ). Let x ∈ X \ {0}
be such that Tx = λx. Then for any m ∈ N we have T (zkmj x) =
α¯kmj z
km
j x. Therefore λT ⊆ σa.p.(T ) and the set σa.p.(T )\σ1(T ) ⊆ σp(T )
is uncountable in contradiction with Corollary 5.6 (b). 
Remark 5.8. Assume conditions of Theorem 5.7. It follows that in
order to obtain a complete description of essential spectra of T it is
sufficient to
(1) Describe σ(T ).
(2) Describe σa.p.(T ).
(3) Find codim(λI − T )X for any λ ∈ σr(T ).
6. Uniform algebras. Polydisc and ball algebras
Definition 6.1. Let K be a compact Hausdorff space and ϕ be a
homeomorphism of K onto itself. A nonempty subset E of K is called
ϕ-wandering if the sets ϕi(E), i ∈ Z are pairwise disjoint.
Theorem 6.2. Let A be a unital uniform algebra. Let U be an au-
tomorphism of A and ϕ be the corresponding homeomorphism of MA
(and ∂A) onto itself. Let w ∈ A and T = wU . Assume that
(a) The set of all ϕ-periodic points is of first category in ∂A.
(b) There are no open ϕ-wandering subsets of ∂A.
Then
(1) σ1(T ) = σa.p.(T ) and σ(T ) = σ4(T ).
(2) The sets σi(T ), i = 1, . . . , 5 are rotation invariant subsets of C.
(3) If MA is not the union of two nonempty clopen ϕ-invariant
subsets then σ(T ) is a disk centered at 0.
(4) If, moreover, ∂A is not the union of two nonempty clopen ϕ-
invariant subsets then there are three possibilities.
(I). If w is invertible in A then σ(T ) = σ1(T ) is an annulus
or a circle centered at 0.
(II). If w is not invertible in C(∂A) then σ(T ) = σ1(T ) is
either a disk centered at 0 or the singleton {0}.
(III). If w is invertible in C(∂A) but not invertible in A then
σ1(T ) = σa.p.(T ) is an annulus or a circle centered at 0
and σr(T ) is the open disc rU where
r = min exp
∫
ln |w|dµ,
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where the minimum is taken over the set of all ϕ-invariant
regular Borel probability measures on ∂A.
Proof. The only part of the statement of the theorem that requires
a proof is that σ1(T ) = σa.p.(T ). The rest follows immediately from
Theorems 2.4 and 2.5.
Part (A). We will prove that σ2(T ) = σa.p.(T ). Let λ ∈ σa.p.(T ).
Assume first that λ = 0. Then the set Z(w) = {k ∈ ∂A : w(k) =
0} 6= ∅. Conditions (a) and (b) combined guarantee that ∂A has no
isolated points and therefore we can find open nonempty pairwise dis-
joint subsets Vn, n ∈ N, of ∂A such that |w| < 1/n on Vn. Let fn ∈ A,
‖fn‖ = 1, and |fn(k)| < 1/n, k ∈ ∂A \ Vn. Then Tfn → 0. Notice that
the sequence fn is singular. Indeed, otherwise there is a subsequence
fnk of fn such that fnk → f ∈ A. Then ‖f‖ = 1 and fnkfnk+1 → f 2.
On the other hand, it follows from the construction of the sequence fn
that fnkfnk+1 → 0, a contradiction.
Assume now that λ 6= 0. Without loss of generality we can assume
that λ = 1. By Lemma 2.11 there is k ∈ ∂A such that
|wm(k)| ≥ 1, |wm(ϕ−m(k)| ≤ 1, m ∈ N. (31)
It follows from (a) and (31) that we can find nonempty open subsets
Vn, n ∈ N of ∂A with properties.
(α) The sets ϕm(Vn), n ∈ N, |m| ≤ n are pairwise disjoint.
(β) For any n ∈ N and for any s ∈ Vn,
|wm(s)| ≥ 1
2
, |wm(ϕ−m(k)| ≤ 2, |m| ≤ n. (32)
Let fn ∈ A be such that ‖fn‖ = 1 and
|fn(t)| < 1
n
2n+1∑
i=0
‖T i‖
, t ∈ ∂A \ ϕn(Vn). (33)
Let hn = Sn(T, 1/
√
n)hn (see Definition 2.9). It follows from (32), (33),
and Lemma 2.10 that ‖hn‖ ≥ 1/2, Thn − hn → 0, and hnhn+1 → 0.
Thus, 1 ∈ σ2(T ).
Part (B). Now we will prove that σ2(T
′) = σa.p.(T ). Let again λ ∈
σa.p.(T ). Notice that if s1, . . . , sr are distinct points in ∂A then it
follows easily from the definition of Shilov boundary that
‖
r∑
j=1
aiδsi‖A′ = ‖
r∑
j=1
aiδsi‖C(∂A)′ =
r∑
i=1
|ai|.
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The case λ = 0 is rather obvious. Indeed, the conditions of the
theorem guarantee that there are pairwise distinct points kn ∈ ∂A such
that |w(kn)| < 1/n, n ∈ N. Let δs(f) = f(s), f ∈ A, s ∈ ∂A. Then
‖δkn‖A′ = 1, T ′δkn = w(kn)δϕ(kn) → 0, and ‖δkn − δkm‖A′ = 2, n < m ∈
N. Thus, the sequence δkn is singular.
If λ 6= 0 we again can assume without loss of generality that λ = 1.
Applying Lemma 2.11 to the operator wU−1 we see that there is p ∈ ∂A
such that
|wm(p)| ≤ 1, |wm(ϕ−m(p)| ≥ 1, m ∈ N. (34)
It follows from (34) and (a) that there are pn ∈ ∂A such that
(γ) All the points ϕm(pn), n ∈ N, |m| ≤ n are pairwise distinct.
(δ)
|wm(k)| ≤ 2, |wm(ϕ−m(pn)| ≥ 1/2, n ∈ N, |m| ≤ n. (35)
Let µn = Sn(T
′, 1/
√
n)δϕ−n(pn) and let νn = µn/ ‖µn‖A′. Then it follows
from (35) and Lemma 2.10 that Tνn−νn → 0. It remains to notice that
for any n, n′ ∈ N we have ‖νn− νn′‖ = 2 and therefore the sequence νn
is singular. 
Remark 6.3. Condition (b) in Theorem 6.2 is satisfied, in particular,
if there is a ϕ-invariant regular Borel probability measure µ on C(∂A)
such that for any nonempty open subset O of ∂A we have µ(O) > 0.
Example 6.4. Let n ∈ N and A(Un) be the Banach algebra of all
functions analytic in the polydisc Un and continuous on Dn. It is well
known (see e.g. [3] or [19]) that the space of maximal ideals of the
algebra A(Un) can be identified with Dn and its Shilov boundary with
Tn.
Recall that a Mo¨bius transformation of U onto itself is called elliptic
if it has a fixed point in U. If ϕ is an elliptic Mo¨bius transformation
then there is another Mo¨bius transformation ψ such that ψ−1 ◦ ϕ ◦ ψ
is a rotation of U.
Let Π be a permutation of the set [1 : n], ϕi, i ∈ [1 : n] be elliptic
Mo¨bius transformations on U such that for at least one j ∈ [1 : n] the
map ϕj is not periodic. Let w ∈ A(Un, let Φ : Un → Un be defined as
Φ(z1, . . . , zn) = (ϕΦ(1)(zΦ(1)), . . . , ϕΦ(n)(zΦ(n))).
Finally, let Tf = w(f ◦ ϕ), f ∈ A(Un).
Then by Theorems 2.4, 2.5, and 6.2 the sets σ(T ) and σ1(T ) =
σa.p.(T ) are rotation invariant connected subsets of C.
Moreover, if w is invertible in C(Tn) but not invertible in A(Un)
then
(a) If n = 1 then σ3(T ) = σ1(T ) and σ4(T ) = σ(T ).
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(b) If n > 1 then σ(T ) = σ3(T ).
Indeed, let λ ∈ σr(T ) = σ(T ) \ σ1(T ). Then ind(λI − T ) = ind(T ).
If n = 1 then w has a finite number of zeros in U and therefore
codim(TA(U)) <∞.
If n > 1 and w(z) = 0, z ∈ Un then codim(TA(U)) = ∞ because w
cannot have isolated zeros in Un.
If n > 1 and w has no zeros inUn then it must have a zero, z in ∂Un\Tn.
Let zn ∈ Un, zn → z and let Tnf = (w − w(zn)(f ◦ ϕ), f ∈ A(Un).
Then ind(Tn) = ∞ and, because index is stable under small norm
perturbations, ind(T ) =∞.
Consider the following special case. Let ϕ be a non-periodic rotation
of Un, i.e. for any (z1, . . . , zn) ∈ Un
ϕ(z1, . . . , zn) = (α1z1, . . . , αnzn),
where αi ∈ T, i = 1, . . . , n, and for at least one i, αi is not a root of
unity. Let w ∈ A(Un), U be the composition operator, Uf = f ◦ϕ, f ∈
A(Un), and T = wU .
Let H be the closed subgroup of Tn generated by α and mH be
the Haar measure on H . For any t ∈ Tn let Utf(z) = f(tz), f ∈
A(Un), z ∈ Un. Then
(1) ρ(T ) > 0.
(2) By Theorem 4.8
ρ(T ) = max
t∈Tn
exp
∫
ln |Utw|dmH.
(3) In particular, if the condition (28) is satisfied then
ρ(T ) = exp
∫
ln |w|dmn,
where mn is the Haar measure on T
n.
Example 6.5. Let n > 1 and A = A(Bn) be the Banach algebra of all
functions analytic in the unit ball Bn of Cn and continuous in cl(Bn).
Then ([3], [19]) MA = B
n and ∂A = ∂Bn - the topological boundary
of Bn in Cn. Let τ be a linear unitary transformation of Cn such that
for any n ∈ N, τn 6= I. Let w ∈ A(Bn) and
Tf = w(f ◦ τ), f ∈ A(Bn).
Then
(1) If w is an invertible element of A(Bn) then σ(T ) = σ1(T ) and
σ(T ) is either an annulus or a circle centered at 0.
(2) If w is not invertible in C(∂Bn) then σ1(T ) = σ(T ) is a disc
centered at 0.
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(3) If w is invertible in C(∂Bn) but not invertible in A(Bn) then
σ(T ) is a disc centered at 0, σ1(T ) = σa.p.(T ) is an annulus or
a circle centered at 0, σr(T ) is an open disc centered at 0 and
σ(T ) = σ3(T ).
Example 6.6. Let K be a rotation invariant compact subset of C. Let
K0 = IntCK. We consider the Banach algebra A(K) of all functions
continuous on K and analytic in K0. It is known that the space of
maximal ideals of A(K) is K (see [19, Theorem 2.6.6, p. 88]) and that
the Shilov boundary of A(K) is ∂K - the topological boundary of K in
C (It follows from [19, Example 3.3.5 (2), p. 161]). Let α ∈ T. Assume
that α is not a root of unity. Let w ∈ A(K) and let
Tf(z) = w(z)f(αz), f ∈ A(K), z ∈ K.
Then it follows from Theorem 6.2 that
(1) σ1(T ) = σa.p.(T ) = σ(T, C(∂K)).
(2) The sets σi(T ), i = 1, . . . , 5 are rotation invariant.
(3) σ(T ) = σ4(T ).
Remark 6.7. Assume conditions of Example 6.6. It follows from the
fact thatK is rotation invariant and the celebrated Vitushkin’s theorem
(see e.g. [16, Theorem 8.2]) that A(K) = R(K), where R(K) is the
closure in C(K) of the algebra of all rational functions with poles in
C \K. We are grateful to Professor O. Eroshkin for the corresponding
information.
Problem 6.8. Assume conditions of Example 6.6. Describe σ3(T ).
Equivalently, assume that λ ∈ σr(T ); find necessary and/or sufficient
conditions for codim(λI − T )A(K) =∞.
We do not know the answer to Problem 6.8 even in the following
situation. Let K be the annulus K = {z ∈ C : a ≤ |z| ≤ b}, where
0 < a < b <∞. Let α ∈ T be not a root of unity and let
(Tf)(z) = zf(αz), f ∈ A(K), z ∈ K.
Then σ(T ) = K and σa.p.(T ) = σ1(T ) = ∂K. Let λ ∈ IntCK. What is
codim(λI − T )A(K)?
Example 6.9. Here we consider the Banach algebra H∞(U) of all
functions analytic and bounded in the unit disc U.
Corollary 6.10. Let T be a weighted rotation operator
(Tf)(z) = w(z)f(αz), f ∈ H∞(U), z ∈ U,
where w ∈ H∞(U) and α ∈ T is not a root of unity. Then
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(1) If w ∈ (H∞(U))−1 then σ(T ) = σ1(T ) is either an annulus or
a circle centered at 0.
(2) If w⋆ is not invertible in L∞(T), where for almost all t ∈ T
w⋆(T ) is the radial limit of w (see [17]), then σ(T ) = σ1(T ) is
a disc centered at 0.
(3) If w 6∈ (H∞(U))−1 but w⋆ is invertible in L∞(T) then σ1(T ) =
σa.p.(T ) is an annulus or a circle centered at 0, while σ(T ) =
σ4(T ) is a disk.
(4) Assume conditions of case (3) above. Then σ3(T ) = σ1(T )
if and only if w = Bwe where B is a finite Blaschke product
and we is the outer function in the canonical factorization of w
([17]). Otherwise σ3(T ) = σ(T ).
(5) If w⋆ is Riemann integrable then
ρ(T ) = |we(0)|
Proof. (1) - (3) follow from Theorem 6.2 and the well known fact that
the Shilov boundary of H∞(U) can be identified with the space of
maximal ideals of the algebra L∞(T) (see e.g. [17, p. 174]).
(4) In virtue of (3) the index of the operator λI − T is constant in the
open disc σ(T )\σ1(T ) and coincides with −(codim TX). Consider the
canonical factorization ([17, p. 67]) w = BSwe where B is a Blaschke
product, S - a singular inner function, and we - an outer function. If
either B is an infinite Blaschke product or the factor S is nontrivial
then it is immediate to see that codim TX =∞. Otherwise codim TX
is equal to the number of zeros of B taking into consideration their
multiplicities.
(5) follows from Corollary 4.3. 
Remark 6.11. Statement (5) of Corollary 6.10 is not valid for an arbi-
trary w ∈ H∞(U). Indeed, et wˆ ∈ L∞(T) be the function constructed
in Example 4.1. Then (see e.g. [17, p. 53]) there is an invertible
w ∈ H∞(U) such that the boundary values of w on T coincide a.e.
with wˆ, and therefore σ(T ) = σ1(T ) is an annulus.
Problem 6.12. Is an analogue of Corollary 6.10 true for weighted
rotation operators on H∞(Un) or H∞(Bn) for n > 1?
7. Spectra of weighted rotation-like operators on
Banach spaces of analytic functions
7.1. Hardy - Banach spaces .
In this subsection we will extensively use the fact that the Hardy space,
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Hp(U) where 1 ≤ p <∞ is a ”rich” closed subspace of Lp(T). Namely,
if x is a nonnegative function from Lp(T) such that
∫ 2π
0
ln |x(eiθ)|dθ >
−∞ then there is a y ∈ Hp(U) such that |y| = x (see [17, p. 53]). It
leads to the folowing definition.
Definition 7.1. ( [24, Definition 19]) Let X be a Dedekind complete
Banach lattice and Y be a closed subspace of X . We say that Y is
almost localized in X if for any band Z in X and for any ε > 0 there is
a y ∈ Y such that ‖y‖ = 1 and ‖(I − PZ)y‖ < ε where PZ is the band
projection on Z.
Theorem 7.2. Let K be a Hausdorff compact space, ϕ be a homeo-
morphism of K onto itself, and µ be a ϕ-invariant regular Borel prob-
ability measure on K such that for any nonempty open subset O of K
we have µ(O) > 0. Let X be a Banach ideal in L0(K,µ) such that
Z(X) = L∞(K,µ), the composition operator Ux = x ◦ϕ is defined and
bounded on X, and moreover, σ(U) ⊆ T. Assume also that µ(Π) = 0
where Π is the set of all ϕ-periodic points in K.
Let Y be almost localized closed subspace of X such that UY = Y .
Let w ∈ L∞(K,µ) be such that wY ⊆ Y , and let T = wU . Then
(1) σ2(T ) = σa.p.(T ) is a rotation invariant subset of C.
Assume additionally that for any nonzero y ∈ Y we have∣∣∣ ∫ ln |y|dµ∣∣∣ <∞. (36)
Then
(2) σ1(T ) = σa.p.(T ) and σ(T ) = σ4(T ).
Proof. (1) The proof of Theorem 20 in [24] shows that σa.p.(T ) =
σa.p.(T,X) and moreover that if λ ∈ σa.p.(T,X) the we can construct a
sequence yn ∈ Y such that ‖yn‖ = 1, Tyn−λyn → 0, and |yn|∧|yn+1| →
0 in X , which obviously implies that the sequence yn is singular and
therefore σ2(T ) = σa.p.(T ).
The condition µ(Π) = 0 guarantees that the set σa.p.(T ), and there-
fore σ(T ), is rotation invariant.
The equality σ(T,X) = σa.p.(T,X) follows from Theorem 4.5 in [25].
(2). Assume that λ ∈ σa.p.(T ) \ σ2(T ′). We have to consider two
possibilities.
(a) λ ∈ ∂σa.p.(T ) - the topological boundary of σa.p.(T ) in C. Then,
applying Lemma 2.2 and Theorem 2.3, we come to a contradiction.
(b) λ ∈ IntCσa.p.(T ). Recalling that σa.p.(T ) is rotation invariant
and that the set σa.p.(T ) \ σ2(T ′) is open in C we see that the set
{|λ| : λ ∈ σa.p.(T ) \ σ2(T ′)} contains an interval [a, b], 0 ≤ a < b. On
the other hand if λ ∈ σa.p.(T ) \ σ2(T ′) then λ must be an eigenvalue of
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T . Indeed, otherwise we would have λ ∈ σr(T ), a contradiction. Let
y ∈ Y \ {0} be such that Ty = λy. Then∫
ln |w|dµ+
∫
ln |Uy|dµ = ln |λ|+
∫
ln |y|dµ. (37)
Condition (36) guarantees that all the integrals in (37) converge, and
because µ is a ϕ-invariant measure we have
|λ| =
∫
ln |w|dµ,
a contradiction. 
Problem 7.3. Does statement (2) of Theorem 7.2 remain true without
assuming condition (36)?
Example 7.4. Let m be the normalized Lebesgue measure on T. Let
X be a Banach ideal space such that L∞(T, m) ⊆ X ⊆ L1(T, m).
Assume that α ∈ T is not a root of unity. Let ϕ(z) = αz, z ∈ T.
Assume that the operator U , Ux = x ◦ ϕ, is bounded on X and that
σ(U) ⊆ T. Notice that this condition is automatically satisfied if X is
an interpolation space between L∞(T, m) and L1(T, m).
Let us identify the Hardy space H1(U) with a closed subspace of
L1(T, ) and let Y = H1(U) ∩ X . Then Y is a closed subspace of X
and Y consists of all functions from H1(U) with boundary values in X .
Notice that operator U acts on Y and σ(U, Y ) ⊆ T. Let w ∈ H∞(U)
and let T = wU : Y → Y .
We claim that all the conditions of Theorem 7.2 are satisfied. Let
Z be a band in X . Than there is a measurable subset E of T such
that m(E) > 0 and Z = χEX . Let ‖χE‖X = C. Fix ε > 0. Let
g = 1
C
χE + εχT\E. There is (see [17, p.53]) y ∈ H∞(U) ⊆ Y such that
|y| coincide a.e. on T with g. It follows that Y is almost localized in
X .
Condition (36) is satisfied for any nonzero function from H1(U) (see
e.g. [17, p.51]).
As a result we obtain the following corollary which in virtue of Corol-
lary 6.10 provides a complete description of essential spectra of T on
Y .
Corollary 7.5. Let the operator T and the Banach space Y be as
described above. Then
σ(T, Y ) = σ(T,H∞(U); and σi(T, Y ) = σi(T,H
∞(U), i = 1, . . . , 5.
Remark 7.6. If in Example 7.4 we assume that X is an interpolation
space between L∞(T, m) and L1(T, m) then the results stated in that
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example can be extended to operators of the form w(y ◦ ϕ) where ϕ is
an elliptic non-periodic automorphism of U.
Example 7.7. Let n > 1 and mn be the normalized Lebesgue mea-
sure on Tn. Let X be a Banach ideal space in L0(Tn, mn) such that
L∞(Tn, mn) ⊆ X ⊆ L1(Tn, mn) and the norm on X is order contin-
uous. Notice that the last condition implies that X is an interpolation
space. Let Y = X ∩ H1(U), ϕ be a non-periodic rotation of Un, and
w ∈ H∞(Un). Let Ty = w(y ◦ ϕ), y ∈ Y .
We claim that the conditions of Theorem 7.2 are satisfied and, re-
spectively, its conclusions remain valid for operator T .
To see that Y is almost localized in X let Z be a band in X . Then
Z = χET
n where mn(E) > 0. Let C > 0 be such that ‖CχE‖X = 1.
Fix ε > 0. Because the norm in X is order continuous there is an open
subset Oε of T
n such that E ⊆ Oε, mn(∂Oε) = 0, and ‖CχOε−CχE‖ <
ε. Consider the function g = CχOε + εχTn\clOε. Function g is lower
semicontinuous on Tn and therefore (see [30, Theorem 3.5.3]) there is
y ∈ H∞(Un) ⊂ Y such that the boundary values of y coincide a.e. on
Tn with g.
Condition (36) follows from Theorem 3.3.5 in [30].
Under the conditions of this example we can also improve statement
(2) of Theorem 7.2 by claiming that σ(T ) = σ3(T ). The reasoning is
the same as in Example 6.4
Note that if X is an interpolation space then instead of non-periodic
rotations of Un we can consider more general transformations consid-
ered in Example 6.4.
Example 7.8. Instead of polydisc considered in the previous example
we can consider Banach-Hardy spaces with order continuous norm on
Bn and weighted composition operators of the form
Tx = w(x ◦ τ), x ∈ X,
where w ∈ H∞(Bn) and τ is a non-periodic unitary transformation of
Cn. In this case the condition that Y is almost localized in X follows
from [32, Theorem 12.5] and condition (36) from [31, Theorem 5.6.4].
Problem 7.9. Is it possible in Examples 7.7 and/or 7.8 to weaken
the condition that the norm on X is order continuous? Of course, of
particular interest is the case of weighted rotation operators onH∞(Un)
and H∞(Bn).
Example 7.10. Let A be an annulus in C centered at 0. The Hardy
spaces Hp(A) were considered by Kas’yanyuk in [21] and by Sarason
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in [33]. Following [33] we consider the annulus
A = {z ∈ C : 0 < R < |z| < 1}.
Let 1 ≤ p <∞. Then
Hp(A) = {f : f is holomorphic in A and sup
R<r<1
2π∫
0
|f(reiθ|pdθ <∞}.
As usual, H∞(A) means the algebra of all bounded analytic functions
in A.
It is proved in [33] that Hp(A), 1 ≤ p ≤ ∞, can be identified with
a closed subspace of Lp(∂A). Moreover, it follows from Theorem 9
in [33] that the space Hp(A) is almost localized in Lp(∂A)˘ and that
condition (36) is satisfied.
Let w ∈ H∞(A) and ϕ be a non-periodic rotation of A. Let us fix
p ∈ [1,∞] and let
Tx = w(x ◦ ϕ), x ∈ Hp(A).
It follows from Theorems 7.2 and 3.13 that σ(T ) is a rotation invariant
connected subset of C. Moreover, we can add the following details.
(1) σ1(T ) = σ(T, L
p(T)) ∪ σ(T, Lp(RT)). Therefore σ1(T ) is either a
connected rotation invariant subset of C or the union of two rotation
invariant disjoint connected subsets.
(2) The set σr(T ) if it is nonempty, is the union of at most two open
disjoint rotation invariant components: C1 - an open disc centered at 0
and C2 - an open annulus. If λ ∈ C1 then the following conditions are
equivalent
(a) λ ∈ σ4(T ) \ σ3(T ),
(b) there are constants ε, δ > 0 such that
z ∈ IntCA, dist(z, ∂A) < ε⇒ |w(z)| > δ.
On the other hand, if λ ∈ C2, we do not know under what are neces-
sary and/or sufficient conditions for λ ∈ σ4(T )\σ3(T ) (cf. Problem 6.8).
7.2. Bergman spaces .
Recall that the Bergman space Ap(U), 1 ≤ p <∞, consists of all func-
tions analytic in U and such that
2π∫
0
1∫
0
|x(reiθ)|prdrdθ <∞.
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Endowed with the norm
‖x‖ =
( 2π∫
0
1∫
0
|x(reiθ)|prdrdθ
)1/p
Ap(U) is a Banach space (see e.g. [13]). Let α ∈ T be not a root of
unity and let w ∈ H∞(U). Clearly the operator
(Tx)(z) = w(z)x(αz), x ∈ Ap(U), z ∈ U
is defined and bounded onAp(U). Vice versa, every multiplier ofAp(U)
belongs to H∞(U) (see [13, Theorem 12, p. 59]).
Proposition 7.11. The operator Z, (Zx)(z) = zx(z), x ∈ Ap(U) is
invertible from the left and therefore by Theorems 3.5 and 5.7 the sets
σ(T ) and σa.p.(T ) = σ2(T ) = σ1(T ) are rotation invariant.
Proof. The proof follows from the definition of norm in Ap(U) and
the fact that
2π∫
0
|x(reiθ)|pdθ is a nondecreasing function of r on [0, 1)
(see [12, Theorem 1.5, p. 9]). 
Proposition 7.12. The spectrum σ(T ) is a circle, annulus, or disc
centered at 0.
Proof. First notice that by Theorem 2.8 we have
ρ(T ) ≥ exp
2π∫
0
ln |w(eiθ)|dθ > 0.
By Proposition 7.11 it remains to prove that σ(T ) is connected. If
not, then there is a positive r such that σ(T ) = σ1 ∪ σ2 where σ1 ⊂
{z ∈ C : |z| < r} and σ2 ⊂ {z ∈ C : |z| > r}. Let P1 and P2
be the corresponding spectral projections. Let x0 = P11 and for any
f ∈ H∞(U) let Fx = fx, x ∈ Ap(U). By Theorem 3.13 P1 commutes
with F and therefore P1x = xx0, x ∈ H∞(U) ⊂ Ap(U). Because
H∞(U) is dense in Ap(U) we get that P1 is the operator of pointwise
multiplication by x0 and therefore x0 ∈ H∞(U). But then x0 is a
nonzero idempotent in H∞(U) and hence x0 = 1, a contradiction. 
Propositions 7.11 and 7.12 give some information about the essen-
tial spectra of weighted rotations on Bergman spaces but fall short of
providing a complete description of these spectra.
Problem 7.13. Let w ∈ H∞(U), α ∈ T be not a root of unity, and
(Tx)(z) = w(z)x(αz), x ∈ Ap(U), z ∈ U.
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Describe essential spectra of T .
The theorem below provides a partial solution of Problem 7.13 under
the additional assumption that the weight w belongs to the disc-algebra
A(U).
Theorem 7.14. Let w ∈ A(U) and let w = Bwe be the canonical
factorization of w. Then
(1) If w is invertible in A(U) then σ(T ) = σ1(T ) = |w(0)|T.
(2) If w is invertible in C(T) but not invertible in A(U) then
σ3(T ) = σ1(T ) = σa.p.(T ) = |we(0)|T
and
σ4(T ) \ σ3(T ) = σr(T ) = |we(0)|U
.
(3) If w is not invertible in C(T) then σ1(T ) = σ(T ) = |we(0)|D.
Proof. (1) Follows immediately from Theorem 2.8.
(2) By Proposition 7.12 and Theorem 2.8 σ(T ) = |we(0)|D. Let λ ∈
|we(0)|U. We claim that λ ∈ σr(T ). Indeed, let us fix s, |λ| < s < ρ(T ).
It follows easily from Theorem 2.8 and the fact that w is invertible in
C(T) and continuous on D that there are an n ∈ N and an R ∈ (0, 1)
such that
|wn(z)| > sn, ∀z : R ≤ |z| ≤ 1. (38)
Let x ∈ Ap(U), ‖x‖ = 1. Then it follows from (38) and the fact that
2π∫
0
|x(reiθ)|pdθ is a nondecreasing function of r on [0, 1) that
‖T nx− λnx‖ ≥ (sn − |λ|n)
( 2π∫
0
1∫
R
|x(reiθ)|prdrdθ
)1/p
≥ (1−R)1/p(sn − |λ|n).
It remains to prove that for λ ∈ |we(0)|U we have codim (λI −
T )Ap(U) < ∞. Using the stability of the index we see that it is
sufficient to prove that codim TAp(U) < ∞. Notice that w = Bwe
where B is a finite Blaschke product and we is invertible in A(U).
Therefore it is sufficient to notice that codim BAp(U) <∞, as follows
from [5, Proposition 1].
(3) By Theorem 5.7 it is sufficient to prove that σa.p.(T ) = |we(0)|D.
Let λ ∈ |we(0)|D. Then by Theorem 2.4 λ ∈ σa.p.(T, C(T)). Without
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loss of generality we can assume that λ = 1. By Lemma 2.11 there is
a k ∈ T such that
|wn(k)| ≥ 1 and |wn(ϕ−n(k))| ≤ 1, n ∈ N, (39)
where ϕ(t) = αt, t ∈ T. Let q(z) = 1
2
(z + k), z ∈ U and let Qn =
qn/‖qn‖Ap(D), n ∈ N. Then (see [13, proof of Lemma 5, p.130])
Qn(z)→ 0 uniformly on D \ V, (40)
where V is an arbitrary open neighborhood of k in D. For any m ∈ N
let Vm be an open neighborhood of k in D such that the sets α
jVm, |j| ≤
m+ 1, are pairwise disjoint.
Let us fix m and let
Fn =
1
wm(k)
U−mQn and Gn = Sm(T, 1/
√
m)Fn.
where (Ux)(z) = x(αz), x ∈ Ap(U), z ∈ U.
Then it follows from (40) and (3) that
lim
n→∞
‖Gn‖ =
m∑
j=0
(
1− 1√
m
)n−j 1
|wj(k)|+
n−1∑
j=1
(
1− 1√
m
)j
|wj(ϕ−j(k)|. (41)
From (41) and (4) follows that
lim sup
n→∞
‖TGn −Gn‖ ≤ 1√
m
‖Gn‖+(
1− 1√
m
)m( 1
|wm(k)| + |wm(ϕ
−m(k)|
)
(42)
Because m is arbitrary large and in virtue of (39) it follows from (42)
that 1 ∈ σa.p.(T ). 
For an open subset Ω of Cn and for p ∈ [1,∞) the Bergman space
Ap(Ω) is defined as
{x ∈ H(Ω) :
∫
|f |pdV <∞},
where V is the volume in R2n. It is well known and easy to prove that
endowed with the norm ( ∫
|f |pdV
)1/p
A
p(Ω) is a Banach space.
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Analogues of Theorem 7.14 can be proved for weighted rotation op-
erators in spaces Ap(Un) and Ap(Bn), n > 1. We will state the corre-
sponding results and outline the changes that have to be made in the
proof of Theorem 7.14.
Theorem 7.15. Let p ∈ [1,∞), w ∈ A(Un), and let T ∈ L(Ap(Un) be
defined as
(Tx)(z) = w(z)x(αz), w ∈ A(Un), x ∈ Ap(Un), z ∈ Un,
where α = (α1, . . . , αn) ∈ Tn is a non-periodic rotation of Un. Then
(1) If w is invertible in A(Un) then σ1(T ) = σ(T ) is either a circle or
an annulus centered at 0. In particular, if condition (28) is satisfied
then
σ(T ) = ρ(T )D, and ρ(T ) =
∫
Tn
ln |w|dmn.
(2) If w is invertible in C(Tn) but not invertible in A(Un) then σ1(T ) =
σa.p.(T ) is a circle or an annulus, σr(T ) = sU where s = ρ(T
−1, C(Tn))−1
and σ3(T ) = σ(T ) = ρ(T )D.
(3) If w is not invertible in C(Tn) then σ1(T ) = σ(T ) = ρ(T )D.
Proof. It is sufficient to prove that σa.p.(T, C(T
n) ⊆ σa.p.(T ). The in-
verse inclusion and the rest of the statements of the theorem then would
follow from Theorems2.4. Let
ϕ(t) = αt = (α1t1, . . . , αntn), t ∈ Tn.
Let k ∈ Tn be such that inequalities (39) hold. Because ϕ-periodic
points are nowhere dense in Tn we can for any j ∈ N find an open
subset Vj of T
n such that the sets clϕl(Vj), |l| ≤ j + 1 are pairwise
disjoint and
|wm(t)| ≥ 1/2 and |wm(ϕ−m(t))| ≤ 2, |m| ≤ j + 1, t ∈ Vj. (43)
Let kj = (k1j, . . . , knj) ∈ Vj and let
qj(z) =
n∏
i=1
(zi + kij
2
)
, qmj (z) = [qj(z)]
m, z ∈ Un, m ∈ N,
and let
Qmj = q
m
j /‖qmj ‖Ap(Un).
It follows from the computation in [13, Proof of Lemma 5, p.130] that
for any j ∈ N
‖qmj ‖pAp(Un) ∼m→∞Cm
−3n/2. (44)
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Therefore Qmj (z) →
m→∞
0 uniformly on Dn \ V where V is an arbitrary
open neighborhood of kj in D
n, and we can proceed as in the proof of
part (3) of Theorem 7.14. 
Theorem 7.16. Let U be a unitary transformation of Cn such that
Un 6= I, n ∈ N, let w ∈ A(Bn) and let T ∈ L(Ap(Bn)) be defined as
(Tx)(z) = w(z)x(Uz), x ∈ Ap(Bn), z ∈ Bn.
Then
(1) If w is invertible in A(Bn) then σ1(T ) = σ(T ) is either a circle or
an annulus centered at 0.
(2) If w is invertible in C(∂Bn) but not invertible in A(Bn) then σ1(T ) =
σa.p.(T ) is a circle or an annulus, σr(T ) = sU where s = ρ(T
−1, C(∂Bn))−1,
and σ3(T ) = σ(T ) = ρ(T )D.
(3) If w is not invertible in C(∂Bn) then σ1(T ) = σ(T ) = ρ(T )D.
Sketch of the proof. Let ϕ(z) = Uz, z ∈ clBn. Let k ∈ ∂Bn be such
that inequalities (39) hold. For simplicity we assume that k is not ϕ-
periodic (if it is ϕ-periodic, we will apply the same procedure as in the
proof of Theorem 7.15). Without loss of generality we can assume that
k = (1, 0, . . . , 0). Let
q(z) =
1 + z1
2
and qm(z) = [q(z)]m, z ∈ clBn, m ∈ N.
Fix j ∈ N and take an open neighborhood V of k in clBn such that the
sets ϕs(V ), |s| ≤ j + 1, are pairwise disjoint. There is an M ∈ (0, 1)
such that |q(z)| < M on clBn \ V . Let us fix an ε ∈ (0, 1) and notice
that
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‖qm‖p = π
n
n!
∫∫
D
∣∣∣1 + z1
2
∣∣∣mp(1− |z1|2)ndA =
=
πn
n!2mp
2π∫
0
1∫
0
(1 + 2r cos θ + r2)
mp
2 r(1− r2)ndrdθ ≥
πn
n!2mp
arccos (1−ε)∫
0
1∫
0
(1 + 2r cos θ + r2)
mp
2 r(1− r2)ndrdθ ≥
πn
n!2mp
arccos (1− ε)
1∫
0
(1 + (3− ε)r2)mp2 r(1− r2)ndr =
=
πn
2n!2mp
arccos (1− ε)
1∫
0
(1 + (3− ε)u)mp2 (1− u)ndu (45)
Applying integration by parts n times to the last integral in (45) we
can see that
‖qm‖p ≥ c
(mp + n)n+1
(4− ε
4
)mp/2
, (46)
where the constant c, c > 0, does not depend on m. Taking an ε such
that 4−ε
4
> M and considering Qn = qn/‖qn‖ we obtain from (46) that
Qmn →
m→∞
0 uniformly on clBn \ V . The remaining part of the proof
repeats verbatim the corresponding part of the proof of Theorem 7.14.

7.3. The Bloch space .
The Bloch space B consists of all functions analytic in U and such that
sup
z∈U
(1− |z|2)|x′(z)| <∞.
Endowed with the norm
‖x‖ = |x(0)|+ sup
z∈U
(1− |z|2)|x′(z)|
B is a Banach space. The little Bloch space B0 is the closure of poly-
nomials in B. It is well known (see [13]) that
B0 = {x ∈ B : lim
|z|→1−
(1− |z|2)|x′(z)| = 0}.
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Let M(B) be the Banach space of all multipliers of B. It was proved
in [9, Theorem 1] that
M(B) =M(B0) =
= {w ∈ H∞(U) : sup
z∈U
(1− |z|) ln (1/(1− |z|))|w′(z)| <∞}. (47)
It follows from (47) and Theorem 2.8 that if w ∈M(B), α ∈ T and
(Tx)(z) = w(z)x(αz), x ∈ B, z ∈ U,
then
ρ(T ) = max
µ∈Mϕ
exp
∫
ln |wˆ|dµ, (48)
where ϕ is the homeomorphism ofM(M(B)) generated by the rotation
of U by α and Mϕ is the set of all ϕ-invariant regular probability Borel
measures on ∂(M(B)). In particular, it is not difficult to see that if
w ∈ A(U) ∩M(B) then
ρ(T ) = |we(0)|.
Remark 7.17. The second dual (B0)′′ can be canonically identified
with B (see [13]). The operator T can be restricted on B0 and (T |B0)′′ =
T . Therefore σ(T ) = σ(T |B0), σa.p.(T ) = σa.p.(T |B0), and σj(T ) =
σj(T |B0), j = 1, . . . , 5.
Theorem 7.18. Let
(Tx)(z) = w(z)x(αz), x ∈ B, z ∈ U,
where α ∈ T is not a root of unity and w ∈M(B).
Then the sets σa.p.(T ) = σ1(T ), and therefore σ(T ) are rotation invari-
ant. Moreover the set σ(T ) is connected.
Proof. The connectedness of σ(T ) follows from the description ofM(B)
and Theorem 3.13. Let us prove that σa.p.(T ) is rotation invariant.
(I) Assume first that λ 6= w(0). Let xn ∈ B, ‖xn‖ = 1, and Txn −
λxn → 0. Then xn(0) → 0 and, considering if necessary yn = xn −
xn(0)1, we can assume that xn(0) = 0. Let the points zn ∈ U be such
that x′n(zn)|(1− |zn|2) = 1− 1n . We need to consider two possibilities.
(a)lim inf
n→∞
|zn| < 1. Then by Montel’s theorem there is a subsequence
xnk that converges uniformly on compact subsets of U to a nonzero
function x analytic in U. It is immediate that x ∈ B and Tx = λx.
Let xp(z) = z
px(z), p ∈ N. Then Txp = αpλxp and λT ⊂ σa.p.(T )
(b) lim
n→∞
|zn| = 1. Let yn(z) = zxn(z). If we can prove that
‖yn‖ ≥ c > 0, (49)
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then like in proof of Theorem 3.5 we will obtain that λT ⊆ σa.p.(T ).
To prove (49) notice that
‖yn‖ ≥ |xn(zn)+znx′(zn)|(1−|zn|2) ≥ (1− 1
n
)|zn|−|xn(zn)|(1−|zn|2) ≥
(1− 1
n
)|zn| − 1
2
ln
1− |zn|
1 + |zn|(1− |zn|
2) →
n→∞
1.
(II) We turn to the case when λ = w(0) ∈ σa.p.(T ). Let xn ∈ B0,
‖xn‖ = 1, and Txn−w(0)xn → 0. If lim inf
n→∞
|xn(0)| = 0 we can proceed
as in part (I) of the proof. If, on the other hand, lim inf
n→∞
|xn(0)| > 0
then like in part (Ia) we see that there is a nonzero x ∈ B such that
Tx = w(0)x, and we are done. 
We have the following analogue of Theorem 7.14
Theorem 7.19. Let α ∈ T be not a root of unity, w ∈ A(U)∩M(B),
and T be the weighted rotation operator on B,
(Tx)(z) = w(z)x(αz), x ∈ B, z ∈ U.
Then
(1) If w is invertible in A(U) then σ(T ) = σ1(T ) = |w(0)|T.
(2) If w is invertible in C(T) but not invertible in A(U) then
σ3(T ) = σ1(T ) = σa.p.(T ) = |we(0)|T
and
σ4(T ) \ σ3(T ) = σr(T ) = |we(0)|U
.
(3) If w is not invertible in C(T) then σ1(T ) = σ(T ) = |we(0)|D.
Proof. W will first prove the inclusion
σa.p.(T, C(T)) ⊆ σa.p.(T ). (50)
Let λ ∈ σa.p.(T, C(T)). We assume without loss of generality that
λ = 1. Let k ∈ T be such that inequalities (39) hold. Because B is
rotation invariant we can assume that k = 1. Fix j ∈ N and let V be
an open neighborhood of 1 in D such that inequalities (43) hold. Let
qm(z) =
(1 + z
2
)m
, z ∈ D, m ∈ N.
Simple calculations show that
‖qm‖ = 1
2m
+ q′m
(m− 1
m+ 1
)[
1−
(m− 1
m+ 1
)2]
∼
m→∞
4e−1
m
. (51)
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Let Qm = qm/‖qm‖. It follows from (51) that
Qm(z) +Q
′
m(z)(1− |z|2)→ 0 uniformly on D \ V,
and we can proceed as in the proof of Theorem 7.14. 
Remark 7.20. (1) It follows from [4, Theorem 4.1] that if w ∈ A(U)∩
M(B) then w is invertible in M(B) if and only if it is invertible in
A(U).
(2) Analogues of Theorem 7.19 can be proved for weighted rotation
operators on Bloch spaces in polydisc and in the unit ball of Cn.
Problem 7.21. Describe completely σa.p.(T ) for an arbitrary weight
w ∈M(B). In particular, is it true that σa.p.(T ) = σa.p.(T˜ ) where T˜ is
the operator on H∞(U) defined by the same formula as T ?
7.4. The Dirichlet space. The Dirichlet space D2 is the space of all
functions analytic in U and such that
‖x‖ =
(
|x(0)|2 +
2π∫
0
1∫
0
|x′(reiθ)|2rdrdθ
)1/2
<∞. (52)
Endowed with norm (52) D2 is a Hilbert space. A complete description
of multipliers of D2 is not trivial and involves Carleson measures. The
interested reader is referred to [35] or [15].
We will consider D2 as a member of the scale of spaces Dp, 1 ≤ p <∞
where Dp is the space of all functions analytic in U and such that
‖x‖ =
(
|x(0)|p +
2π∫
0
1∫
0
|x′(reiθ)|prdrdθ
)1/p
<∞. (53)
It follows easily from (53) that the norm on the Banach algebraM(Dp)
satisfies (1). The proofs of the next two results are analogous to those
of Theorem 7.18 and Theorem and we omit them.
Theorem 7.22. Let 1 ≤ p <∞ and
(Tx)(z) = w(z)x(αz), x ∈ B, z ∈ U,
where α ∈ T is not a root of unity and w ∈M(Dp).
Then the sets σ(T ) and σa.p.(T ) = σ1(T ) are rotation invariant. More-
over, the set σ(T ) is connected.
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Theorem 7.23. Let 1 ≤ p < ∞. Let α ∈ T be not a root of unity,
w ∈ A(U) ∩M(Dp), and T be the weighted rotation operator on Dp,
(Tx)(z) = w(z)x(αz), x ∈ Dp, z ∈ U.
Then
(1) If w is invertible in A(U) then σ(T ) = σ1(T ) = |w(0)|T.
(2) If w is invertible in C(T) but not invertible in A(U) then
σ3(T ) = σ1(T ) = σa.p.(T ) = |we(0)|T
and
σ4(T ) \ σ3(T ) = σr(T ) = |we(0)|U
.
(3) If w is not invertible in C(T) then σ1(T ) = σ(T ) = |we(0)|D.
7.5. Some spaces of analytic functions smooth in D. Let n ∈ N
and let Y be a Banach ideal space, L∞(T) ⊆ X ⊆ L1(T). We will
assume that the norm on Y is rotation invariant. For x ∈ H(U) we
denote by x(n) the derivative of x of order n. It is also convenient to put
x(0) = x. In this subsection we consider the following Banach spaces of
functions analytic in U .
CnA(U) = {x ∈ H(U) : x(n) ∈ A(U)}. (54)
Endowed with the norm
‖x‖ =
n−1∑
j=0
|x(j)(0)|+ ‖x(n)‖∞
CnA(U) is a Banach algebra.
W n,YA (U) = {x ∈ H(U) : x(n) ∈ Y ∩H1(U)}. (55)
The norm on W n,YA (U) is defined as
‖x‖ =
n−1∑
j=0
|x(j)(0)|+ ‖x(n)‖Y
Theorem 7.24. Let α ∈ T be not a root of unity and let w ∈ CnA(U).
Let
(Tx)(z) = w(z)x(αz), x ∈ CnA(U), z ∈ U,
and
(T˜ x)(z) = w(z)x(αz), x ∈ A(U), z ∈ U.
Then,
σ(T ) = σ(T˜ ) and σi(T ) = σi(T˜ ), i = 1, . . . , 5.
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Theorem 7.25. Let α ∈ T be not a root of unity and let w ∈ W n,L∞(T)A (U).
Let
(Tx)(z) = w(z)x(αz), x ∈ W n,YA (U), z ∈ U,
and
(T˜ x)(z) = w(z)x(αz), x ∈ Y ∩H1(U), z ∈ U.
Then the operators T and T˜ are bounded in W n,YA (U) and Y ∩H1(U),
respectively and
σ(T ) = σ(T˜ ) , σi(T ) = σi(T˜ ), i = 1, . . . , 5.
Remark 7.26. In virtue of Example 6.4 and Corollary 7.5 Theo-
rems 7.24 and 7.25 provide a complete description of essential spectra
of T in CnA(U) and W
n,Y
A (U), respectively.
The proofs of Theorems 7.24 and 7.25 are very similar and there-
fore we provide only (a little bit more complicated of two) proof of
Theorem 7.25.
Proof of Theorem 7.25. Let W0 be the closed subspace of W
n,Y
A (U)
defined as
W0 = {x ∈ W n,YA (U) : x(0) = x(1)(0) = · · · = x(n−1)(0) = 0}.
Clearly TW0 ⊆ W0 and codim W0 = n. The map Jx = x(n), x ∈ W0 is
a linear isometry of W0 onto Y and it is immediate to see that
JTJ−1y =
n∑
k=0
(
n
k
)
αkw(n−k)(J−1y)(k). (56)
It follows from (56) that
JTJ−1y = K + αnT˜ , (57)
where K ∈ L(Y ) is a compact operator. It follows from (57) and
from codim W0 = n that σi(T ) = σi(α
nT˜ ), i = 1, . . . , 4. Because by
Corollary 7.5 the sets σi(T˜ ), i = 1, . . . , 4, are rotation invariant we see
that σi(T ) = σi(T˜ ), i = 1, . . . , 4. Next notice that the operator Z,
(Zx)(z) = zx(z), is an isometry on W0 and therefore by Theorem 3.5
the set σ(T |W0) is rotation invariant. Hence, σ5(T |W0) = σ4(T |W0) =
σ4(T ).
It remains to notice that σ(T ) = σ(T |W0). Indeed, if λ ∈ σ(T ) \
σ(T |W0) then λ is an isolated eigenvalue of T . Let x be a correspond-
ing eigenvector. Then x ∈ W n,YA (U) ⊂ Y and we have λ ∈ σ(T˜ ) =
σ(T |W0). 
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7.6. The space ℓ1A. In this last subsection we consider the Banach
algebra ℓ1A of all functions analytic in U with absolutely convergent
Taylor series. In what follows α ∈ T is not a root of unity, w ∈ ℓ1A, and
(Tx)(z) = w(z)x(αz), x ∈ ℓ1A, z ∈ U. (58)
The next proposition follows in a trivial way from Theorem 3.5, Corol-
lary 3.14, and Theorem 5.3.
Proposition 7.27. Let T be defined by (58). Then
(1) ρ(T ) > 0.
(2) σ(T ) is a rotation invariant connected subset of C.
(3) The sets σ1(T ) = σa.p.(T ) and σr(T ) are rotation invariant.
We can get more information about spectra of T at the price of im-
posing an additional condition on the weight w. Consider the space
Λ,
Λ = {x ∈ C(T) :
1∫
0
ω(h)h−
3
2dh <∞},
where
ω(h) = sup
t1,t2∈T,|t1−t2|/2π≤h
|x(t1)− x(t2)|
is the modulus of continuity of x. It is easy to see that endowed with
the norm
‖x‖Λ = ‖x‖∞ +
1∫
0
ω(h)h−
3
2dh
Λ is a Banach space. Moreover, x, y ∈ Λ⇒ xy ∈ Λ and
‖xy‖Λ ≤ ‖x‖∞‖y‖Λ + ‖x‖Λ‖y‖∞. (59)
By the well known theorem of Bernstein (see e.g. [18, p.13]) Λ ⊂ A(T)
where A(T) is the space of all functions onT with absolutely convergent
Fourier series.
Theorem 7.28. Let w ∈ ℓ1A ∩ Λ. Then ρ(T ) = |we(0)|. In particular,
if w is invertible in ℓ1A then
σ(T ) = σ1(T ) = we(0)T,
otherwise
σ(T ) = we(0)D,
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Proof. From the inclusions ℓ1A ∩ Λ ⊂ ℓ1A ⊂ A(U) follows that
|we(0)| = ρ(T,A(U)) = lim
n→∞
‖wn‖∞ ≤ ρ(T ) =
= lim
n→∞
‖wn‖ℓ1A ≤ limn→∞ ‖wn‖Λ = ρ(T,Λ).
It remains to notice that in virtue of (59) and Theorem 2.8 we have
ρ(T,Λ) = ρ(T,A(U)). 
Problem 7.29. (a) Assume conditions of Theorem 7.28 and assume
that w is not invertible in ℓ1A. Is it true that σa.p.(T ) = σa.p.(T,A(U))?
(b) Does the formula ρ(T ) = |we(0)| remain true for an arbitrary w ∈
ℓ1A?
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